Abstract-A new formalism based on perfectly matched layers (PMLs) is presented to derive new series expansions for the Green's function of an infinite set of point sources with a 1-D periodicity embedded in a layered medium. Several PML-based series expansions, both in the spatial and spectral domains, combined with suitable convergence acceleration techniques such as the Shanks transform and Ewald transform, are proposed and their efficiency is evaluated. For each pair of excitation and observation locations, an optimal series expansion in terms of accuracy and CPU time is proposed, resulting in a significant speed-up compared to existing approaches.
I. INTRODUCTION

M
ANY practical waveguiding, scattering, and radiating devices, such as gratings [1] - [3] , arrays [4] , metamaterials and electromagnetic (EM)-bandgap structures [5] - [7] , nonradiating dielectric waveguides [8] ,
, can be efficiently modeled as 2-D configurations [1] - [3] , [5] , [6] , or 3-D configurations [4] , [7] , [8] with 1-D periodicity [1] - [3] , 2-D periodicity [4] , [6] , or 3-D periodicity [7] . Moreover, several configurations relevant in the analysis of EM field propagation, such as EM shieldings [9] and reinforced concrete walls [10] , [11] , are well approximated by a periodic structure with infinite extent. By applying the Floquet-Bloch theorem, the analysis of a periodic structure with infinite extent is restricted to a representative unit cell. For the description of the fields by means of an integral-equation technique, the periodic Green's function is required to account for the periodic character of the configuration, as discussed in Section II. The Green's function approach is especially efficient for a configuration of scatterers embedded in a planar multilayered dielectric background medium since the effect of the background medium can be fully incorporated into the Green's function. However, in order to determine the EM fields of a single point source located in the layered medium, a time-consuming Sommerfeld integration is required for the inverse Hankel transform that transforms the analytical solution from the spectral domain to spatial domain.
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Digital The periodic Green's function is written as a spatial-domain series or as a spectral-domain series of the field solution for the single point source. For a 2-D periodic grid of point sources, the spectral-domain series can be expressed in an analytical way and Sommerfeld integrations are avoided. In this paper, however, we consider a 1-D periodic grid of point sources. In that case, even for the spectral-domain series, an inverse Fourier transform is required, as demonstrated in Section III-A. An additional complication results from the fact that both spectral-and spatial-domain series tend to be slowly converging for certain positions of the excitation and the observation point. Therefore, much attention has been devoted to derive series expansions that converge more rapidly, mainly by combining both the spatial-and spectral-domain series. Convergence acceleration techniques were proposed in literature for the 1-D periodic 2-D Green's function [12] - [16] and for the 2-D periodic 3-D Green's function. In [17] , we presented a new efficient approach to calculate the 1-D periodic 2-D Green's function based on the use of perfectly matched layers (PMLs). Up to now, little has been published about the 1-D periodic 3-D Green's function. In [18] and [19] , the 1-D periodic 3-D Green's function for a periodic set of point sources located in free space is accelerated by means of the Ewald transform. However, an extension of this approach in order to include a stratified dielectric background medium is not straightforward. In [20] , the 1-D periodic 3-D Green's functions for a microstrip substrate are derived in the spectral domain first, and the corresponding spatial-domain quantities are obtained through an efficient sum of inverse Fourier transforms.
In this paper, a new formalism based on PMLs is proposed to derive a fast converging series expansion for the 1-D periodic 3-D Green's function of layered media. As in [21] - [25] , PMLs [26] - [29] are used to transform the open layered medium into a closed waveguide configuration. An efficient expansion for the 3-D Green's function of a point source in the stratified background medium in terms of a set of discrete modes of the closed waveguide containing the PML is then possible, while the PMLs mimic the open character. For a theoretical background about issues of completeness and convergence, the reader is referred to [30] and [31] . Based on the PML-based modal expansion, analytical series expansions are then derived in Section III-B. As both the spectral-and spatial-domain series suffer from slow convergence, special attention is devoted in Section III-C to accelerate convergence of the PML-based series. This acceleration is based on the use of the Shanks transform and the Ewald transform. Moreover, as in some cases, the accuracy and efficiency of the PML-based series is not ensured in the singularity region (when source and observation point are close to each other), a hybrid series is derived in Section III-C that combines the classic nonperiodic Green's function, capturing the correct singularity, with a PML-based series for the remaining periodic part. In Section IV, we validate the new series and evaluate their accuracy and efficiency in terms of CPU time. For each combination of excitation and observation locations, an optimal series expansion in terms of accuracy and CPU time is proposed.
II. INTEGRAL EQUATION FOR
Consider a planar stratified medium of dielectric layers with finite thickness along the -direction, but of infinite extent in the -and -directions. The stack of dielectric layers can be backed by a perfect electrically conducting ground plane. A 1-D periodic 3-D configuration of planar conductors, located in different layers parallel to the -plane and infinitely thin in the -direction, can be described by means of the mixed potential integral equation (1) provided that we are able to determine the kernel functions and that account for both the 1-D periodicity and the presence of the multilayered background medium. The excitation represents the component tangential to the -plane of the electric field response of the background medium to an imposed electric field, which can, e.g., be an incident plane wave of the form . The solution of (1) yields the surface current distribution on all planar conductors. By considering only planar conductors, the Green's function dyadic was reduced to a single component in (1).
III. 1-D PERIODIC 3-D GREEN'S FUNCTIONS AND
A. Classic Green's Function Series
Consider a planar multilayered dielectric background medium in which we place a 1-D grid of point sources. We assume that the problem is periodic in the -direction with the period given by ; two adjacent point source excitations differ by, at most, a phase factor . The conventional approach of finding the 3-D Green's function for this 1-D periodic configuration proceeds by first determining the spatial-domain Green's functions and for a single point source of elementary current and charge, respectively. In order to evaluate these Green's functions in a multilayered medium, a time-consuming Sommerfeld integration is required to convert the spectral-domain Green's functions to the spatial domain. Moreover, the resulting series (2) is known to be slowly convergent so many spatial Green's function evaluations are required in order to obtain an accurate result.
In free space, (2) reduces to (3) with , and the Poisson transform can be applied to obtain the spectral-domain analog on (4) with and . In this case, both spectral-and spatial-domain series can be combined efficiently using the Ewald transform in order to obtain two fast converging series [18] , [19] .
In the general case of a multilayered background medium, however, no analytical expressions are available for the terms in the spectral-domain series [20] (5) Now, a time-consuming inverse Fourier transform must be evaluated for each term in the spectral series. In [20] , a fundamental speedup is obtained by extracting the singular behavior and by transforming that part into two fast converging series by means of the Kummer and Poisson transforms.
B. Series Based on PMLs
Assume that the background medium ( Fig. 1 ) is translation invariant in the -and -direction (a planar stratified medium) and that all material variations in the -direction are located in a region that is bounded in that direction. The largest distance over which material variations extend in the -direction is denoted by (in Fig. 2 , where a single-layered microstrip substrate is shown, this coresponds to the thickness of the substrate). For a faster evaluation of the 1-D periodic 3-D Green's functions, we then construct a parallel-plate waveguide by terminating the free space with two perfect electrically conducting plates backed by an isotropic PML with thickness and with material parameters and [32] , as shown in Fig. 1 . As the constitutive parameters are chosen the same as for the air layer, the isotropic PML can be combined with the air region to form a new air region with a complex thickness. A similar approach also applies to a planar stratified medium above a ground plane, as for the microstrip substrate in Fig. 2 .
As in [21] and [22] , the 3-D Green's function can be expanded into a series of discrete eigenmodes of the resulting parallelplate waveguide in the following way: (6) with being the eigenvalues and with being the excitation coefficients of the eigenmodes. Note that, in a free-space environment terminated by two PMLs forming a waveguide of total thickness , the eigenvalues are given by and the excitation coefficients are given by , where the origin for and is chosen at the bottom PEC plate (Fig. 1) . For a microstrip substrate of thickness (Fig. 2) , we distinguish between TE and TM eigenmodes [33] . The eigenvalues of the TE and TM modes are the solution of (7) with , , and , with and for the TE case, and and for the TM case. For both TE and TM modes, the propagation constants of the leaky modes (which concentrate in the microstrip substrate) and of the Berenger modes (which concentrate in the PML) can be determined very rapidly based on analytical approximations derived in [34] . Given the initial estimates, the exact locations of the propagation constants of the TE and TM modes are found by performing a few iterations with Newton's method, as described in [35] . For general multilayered substrates, this technique is applicable for the Berenger modes only. The leaky modes are then determined based on the complex root finders proposed in [36] .
In (6) , the Green's function can be expanded into the TE modes of the closed PML-waveguide, and the excitation coefficients of the TE eigenmodes in or on top of the substrate are given by (8) , shown at the bottom of this page. 1 No TM modes are needed.
As for the Green's function , (6) is composed of both TE and TM modes. The excitation coefficients of the TE eigenmodes in or on top of the substrate are given in (9) , shown at the bottom of this page, 1 whereas the excitation coefficients of the TM eigenmodes in or on top of the substrate are given by (10) , shown at the bottom of the following page. 1 The 3-D Green's function for a 1-D periodic grid of point sources can then be written as (11) Application of the Poisson transform leads to the following equivalent series expansion (12) with .
C. Convergence Analysis and Acceleration
By applying the PML formalism, we have replaced series (2), which is a series over a single index of a spatial Green's function terms that require time-consuming Sommerfeld integration, by two equivalent series (11) and (12) , over double indices and , but for which the terms are easy to evaluate. Let us first concentrate on the index , which runs over the different modes in the waveguide formed by the substrate together with the PMLs. In [33] , the convergence of a 2-D Green's function expansion for a line source on a microstrip substrate is analyzed and it is shown that exponential convergence is obtained provided the distance is not too small. In a similar way, series (12) converges at a rate proportional to for large, being constant for fixed, thus exponentially as a function of , yielding a rapidly converging series provided the distance is not too small. Series (11) converges at a rate proportional to , for large, a constant, thus exponentially as a function of , yield a fast converging series provided that either the distance or the distance is not too small. As a function of , on the other hand, series (12) converges at a rate proportional to , for large and for arbitrary, but fixed , thus exponentially as a function of , resulting in a rapidly converging series provided the distance is not too small. Yet, in order to obtain exponential convergence for series (11) as a function of , it is required that the index is sufficiently large.
For small mode orders , series (11) is slowly convergent as a function of .
In [33] , the Shanks transform is proposed to accelerate convergence of the PML-based mode expansion of the 2-D Green's function for a line source on a microstrip substrate. In a similar way, we apply the Shanks procedure for both series (11) and (12) in order to accelerate convergence as a function of the PML-based mode index . Moreover, in this paper, for each index , the Shanks transform is applied to accelerate convergence as a function of the periodicity index for both series (11) and (12) . For a successful acceleration of convergence by means of the Shanks algorithm, the series must asymptotically behave as a geometric series. In general, this is not the case for (11) as a function of , when considering small values of the PML-based mode order and, hence, the Shanks algorithm is not very effective in accelerating the slow convergence. Therefore, an Ewald transform is applied for mode orders . To this end, we rewrite the periodic Green's functions as a sum of the modified spectral-domain series (12) (13) and the modified spatial-domain series (11) (14) in which is the th-order exponential integral defined as (15) A suitable choice for the Ewald splitting parameter has to be made. Based on the theory developed in [37] for the periodic 2-D Green's function series in free space, a suitable choice is (16) (10) where is the maximum exponent permitted in the spectral series (13) , is the desired error, and is the number of terms necessary to achieve convergence in the spatial series (14) . Typical choices are , , and [37] . In practice, only the two lowest order TE leaky modes, the two lowest order TE Berenger modes, the two lowest order TM leaky modes, and the two lowest order TM Berenger modes are used in the Ewald accelerated series (13) and (14) so we choose for and for . The two series are to be complemented with either the remaining spectral-domain series (17) or the remaining spatial-domain series (18) such that the complete series expansion accelerated by the Ewald procedure is given by (19) All acceleration schemes presented up to now do not allow to calculate the 1-D periodic 3-D Green's function accurately and efficiently when both distances and are very small. Indeed, in [38] , it is shown for the 2-D case that the PML-based series does not capture the correct singular behavior of at the interface of a nonmagnetic microstrip substrate. Therefore, we combine part of the PML-based series (11) with one term of the classical series (2) to capture the correct singularity. The following series is proposed in order to evaluate the 1-D periodic 3-D Green's function for very small distances and at the interface:
The evaluation of the Green's function for a single point source in the stratified medium is then performed by means of the classical Sommerfeld integration.
IV. EXAMPLES
In order to assess the accuracy and efficiency of the different series expansions for the 1-D periodic 3-D Green's functions , we consider a microstrip substrate with thickness mm, permittivity , and permeability . In order to obtain an expansion into PML-based modes, a closed waveguide is formed by adding a perfect electrically conducting plate above the substrate such that mm and mm. A strongly absorbing PML is obtained for and . The free-space wavelength at the operating frequency is chosen to be cm. Based on the root-finding approach described in [35] , it takes 1.56 s to determine the first 1000 Berenger TE modes, 2.22 s for the first 1000 leaky TE modes, 1.20 s for the first 1000 Berenger TM modes, and 1.83 s for the first 1000 leaky TM modes. Let us determine the Green's functions and for a 1-D periodic set of point sources with spacing cm (Fig. 2) . The number of terms for each series evaluation is chosen in an adaptive manner in order to ensure that the relative error is smaller than 10 . Moreover, for the PML-based series, no more than 1000 Berenger TE modes, 1000 leaky TE modes, 1000 Berenger TM modes, and 1000 leaky TM modes are taken into account. In a first numerical experiment, we investigate whether the PML sufficiently mimics the open character of the microstrip substrate by placing both excitation and observation points in the air region. The excitation point is located 0.5 mm above the substrate-air interface, whereas the observation point is placed at a height of 1 mm above the substrate-air interface. Both points are separated by a lateral distance of mm. In Fig. 3 , we compare different PML-based expansions for mm mm mm , choosing with the classic Sommerfeld integrated spectral series (2) accelerated by the method proposed in [20] . The agreement between different approaches is seen to be excellent. Specifically, for distances ranging from up to , the relative error between the hybrid series expansion (20) and the approach proposed in [20] remains below 0.14%. Concerning mm mm mm , it was found that the relative error between the hybrid series expansion (20) and the approach proposed in [20] remains even below 0.006%. Hence, it is illustrated that the PML modes yield a sufficiently accurate representation of the Let us now turn our attention to a more practical situation and place both excitation and observation points at the substrate-air interface. In order to evaluate mm mm with efficiently in the singularity region, i.e., for distances smaller than , we make use of the hybrid series expansion (20) . Comparing this result to the classic Sommerfeld integrated spectral series (2), accelerated by the method proposed in [20] , a relative error smaller than 0.11% is found. In Fig. 4 , the results of different series expansions for mm mm are shown as a function of , excluding the singularity by evaluating the series starting from distances of . A small discrepancy between the classic Sommerfeld evaluation and PML-based series expansions is noticed due to the fact that the first series had not fully converged. For the classic Sommerfeld integration (2), 400 terms and Shanks acceleration were used. Yet, the classical 1-D periodic Green's function evaluation had not fully converged. However, the agreement between the PML-based series and classic Sommerfeld integration spectral series (5), accelerated by the method proposed in [20] , is excellent. A more detailed view is presented in Fig. 5 , where the relative error of the different series expansions is presented. The hybrid series expansion (20) is used as the reference solution since it is the only expansion that provides accurate results (convergence within a relative error smaller than 10 ) at all distances (the spectral series (5) is divergent for ) and it was found to be stable for a large range of PML parameters. It is found that the relative error between the hybrid series (20) and the Baccarelli approach [20] remains smaller than 0.14% for all values of . As for the spectral-domain expansion (12) with Shanks acceleration for both indices and , the relative error drops below 0.03% for distances larger than . As for the spatial-domain expansion (11) with Shanks acceleration for both indices and , the relative error drops below 1% for distances larger than . Concerning the different series expansions for mm mm , a higher accuracy is obtained for the Green's function than for , especially near the singularity (for small values of ). In agreement with the theory derived in [38] , all PML-based series expansions for already exhibit an accuracy better than 0.004% at distances as small as . The discrepancy between the hybrid series (20) and the classic Sommerfeld integration spectral series (2), accelerated by the method proposed in [20] , is smaller than 0.02%.
In Table I , the total CPU timings are shown for calculating 200 points in the range from up to based on the different series expansions for mm mm with a relative convergence error smaller than using a Pentium T7400 Centrino Duo 2.16-GHz machine with 2-GB RAM. It is clear that the PML-based expansions are several orders of magnitude faster than the series based on 400 conventional Sommerfeld integrations, accelerated by the Shanks algorithm. Moreover, all PML-based series evaluations are clearly much faster than the acceleration method proposed in [20] based on the classic Sommerfeld integration spectral series (2) . The spectral series (12) with Shanks acceleration only performed on index is the fastest and most accurate approach. Given the exponential convergence rate proportional to , which leads to very fast convergence for large and for all values of and , the convergence acceleration obtained by performing Shanks acceleration also on index is clearly insignificant and the overhead of the algorithm results in a slower evaluation procedure. For the spatial series, however, applying the Shanks transform on both indices and or using the Ewald technique by combining series (13), (14) , and (18), clearly helps in terms of CPU time. In this range, however, all spatial series perform slower than the spectral PML-based series. As for the singularity region, the hybrid series expansion (20) is the preferred approach in terms of accuracy and efficiency. The evaluation of mm mm in the range from to based on (20) takes 0.35 s so the optimal evaluation based on (20) for the singularity region and (12) with Shanks acceleration performed only on index outside the singularity region takes in a total of 0.81 s for distances up to . Similar conclusions can be drawn for the calculation of mm mm : the most optimal evaluation based on (20) for the singularity region and (12) with Shanks acceleration performed only on index outside the singularity region takes in a total 1.20 s for distances up to (compared to 242 m 23 s for the classic series (2) with Sommerfeld integration). In Fig. 6 , mm mm mm is shown as a function of for a separation mm and for . The convergence problems with the series of 400 terms based on classic Sommerfeld integration and Shanks acceleration are again obvious, whereas an accuracy better than 0.007% is achieved for both the spectral-and spatial-domain series. The discrepancy between the hybrid series (20) and the classic Sommerfeld integration spectral series (2), accelerated by the method proposed in [20] , is now smaller than 0.004%.
Let us now choose a fixed distance and study the relative error for the different series expansions for mm mm as a function of , as plotted in Fig. 7 for . Although the spectral-domain series (12) does not exhibit an exponential decay for , performing the Shanks transform on both indices and yields an accuracy better than 1% as long as . In order to obtain the same accuracy with the spatial-domain series (11) or with the Ewald technique by combining series (13) , (14) , and (18), the separation in the -direction must at least be . Yet, even with convergence acceleration by means of the Shanks algorithm, slow convergence is seen for the spectral-domain series (12) in the range from up to . Within that range, it is found that the hybrid spatial series (20) is more efficient in terms of CPU time. In the range from to , the spectral-domain series (12) is the most efficient technique, provided that, in this case, the Shanks algorithm is applied for both indices and . The optimal evaluation technique for mm mm , based on the hybrid spatial series (20) in the singularity region and spectral-domain series (12) for , takes 2.47 s of CPU time (compared to 159 m 53 s for the classic series (2) based on Sommerfeld integration).
As for mm mm , the spectral-domain series (12) , spatial-domain series (11) , or the Ewald technique by combining series (13) , (14) , and (18) yield an accuracy better than 0.02% for separations in the -direction of at least . Again, slow convergence is observed for the spectral domain series (12) in the range from up to . Within that range, it is found that the hybrid spatial series (20) is more efficient in terms of CPU time. In Table II , the total CPU timings are shown for calculating 150 points based on different series expansions for mm mm in the range from to on a Pentium T7400 Centrino Duo 2.16-GHz machine with 2-GB RAM. The optimal evaluation technique for mm mm , based on the hybrid spatial series (20) in the singularity region and spectral-domain series (12) for , takes 3.68 s of CPU time.
In Fig. 8 , we show the results for the Green's function series mm mm inside the dielectric substrate, calculated as a function of for and for a fixed distance . The theory derived in [38] predicts that the Green's function converges to the correct singularity when evaluated inside the substrate, but not on the interface. The resulting function near the singularity is, however, highly oscillating, thus the application of the Shanks transform is required to ensure convergence for all PML-based series expansions for , resulting in relative accuracies better than 0.08% at distances as small as . The accuracies obtained with the PML-based series expansions for are of the same order of magnitude with a relative error smaller than 0.1% at distances as small as . The optimal periodic series solution in terms of accuracy and CPU time consists of applying the hybrid series (20) in the singularity region and the spectral-domain series (12) for . This approach takes 0.58 s of CPU time for and 0.96 s for . For comparison, an extension of the technique proposed in [20] takes 9 min 9 s for evaluating and 18 min 7 s for evaluating . Finally, we study the Green's function series mm mm for the excitation at the substrate-air interface and the observation point inside the dielectric substrate. In agreement with the theory derived in [38] , the application of the Shanks transform is again able to ensure convergence for all PML-based series expansions for . The spectral PML-based series (12) is again found to be the most accurate with a relative accuracy better than 0.2% at distances as small as . The accuracies obtained with the PML-based series expansions for are of the same order of magnitude with a relative error smaller than 0.2% for both the spectral and spatial PML-based series at distances as small as . The application of the hybrid series (20) in the singularity region and the spectral-domain series (12) for takes 0.66 s of CPU time for and 0.88 s for . As a reference, the extension of the technique proposed in [20] takes 5 min 48 s for evaluating and 11 min 35 s for evaluating .
V. CONCLUSIONS
A new efficient and accurate formalism based on PMLs has been presented to derive new series expansions for the Green's function for both the magnetic vector potential and scalar potential of a set of point sources with 1-D periodicity embedded in a layered medium. Several PML-based series expansions, both in the spatial and spectral domain, combined with suitable convergence acceleration techniques such as the Shanks transform and Ewald transform, were examined in terms of accuracy and CPU time. In the singularity region, i.e., for the excitation and observation point locations for which (21) the most efficient approach is to combine the classic nonperiodic Green's function based on Sommerfeld integration with a PML-based spatial-domain series for the remaining periodic part. For all other observation/excitation pairs, the spectral-domain PML-based series with Shanks acceleration for both the and indices is the preferred approach. Future research consists of applying the new periodic series expansion to a variety of scattering and microwave applications.
